Lower lines of the E(2)-based Adams spectral sequence for M(2, v?)

Ryo KATO*

In this note, we calculate the zeroth, first, second and third lines of the E(2)-based Adams spectral sequence for the

type two finite spectrum M (2, v‘l‘).

1. Introduction We also put

Consider the homology theory BP.(—) represeted by the k(1) = BP./(2,0,03,...) = Z/2[v1],
Brown-Peterson spectrum BP at 2. The coefficient ring of BP,(—) k(1. =E)./(2) =2/ Z[U‘il]‘
is BP, = Z(2) [v1,02,03, ... ] with |o;| = 27*+1 _ 2 1In the stable ho- Consider the canonical projection 7: E(2),(V4) — MY, and, for
motopy category of 2-localized spectra, there exists a type two x € H*MZO, the notation xs € E(Z);’*(V4) = H*(E(n)./(2, vf))
finite spectrum V3 = M(2, U‘l‘), whose BP.-homology is for s € Z is defined by r.(xs) = 0vjx € H*Mg. We put

ki(1). =Z/2 ) fori> 1.
BP.(Va) = BP./ (2,0, (1)s = Z/2[v1]/(0}) for i >

Theorem 1 As a k(1).-module, the Ej-term E(2);*(Vy) for

The n-th Johnson-Wilson theory E(n).(—) at 2 is defined by the s < 3 is given as follows:

homology theory

E(Z)g’*(V4) is a direct sum of
E(n):(-) = E(n). ®gp, BP.(-),
kl(l)*{0312t+1: t €Z},
where ko(1)u{v?14a2: t € Z} and  kg(1).{l4;: t € Z}.

E(n)s = v,' BP./(0ps1,0ns2, - - - ) = Zy [01, - -, 0p1, 0]

E(Z);*(VL;) is a direct sum of

The spectrum E(n) is defined to be the spectrum which represents ki(1){(h1)26, 93 (h1)2ee1, (p2)aser s t € Z},
E(n).(-). We then have ko (1){ (ho)as+1, (ho)ass2. (Ro)ars3, 03 (p2)arsz: t € Z},
k3(1)«{01({1)ar3: t € Z}  and
E(n).(V4) = E(n). ®pp, BP.(V4) = E(n)./(2,0}). ka(1){(ho)ar, ($1)2t, (p2)ar, ($1)ars1: t € Z}.

We denote by L,, the Bousfield localization functor with respect E (2)5’*(V4) is a direct sum of

to E(n). The E(n)-based Adams spectral sequence for a spectrum
(n) (n) P q p ki (D) (BD)26, (p2h1)26 07 (B)2e41, 07 (pahi )aes - ¢ € Z),

X is of the form k2(1)*{(h0)4t+li(h2)4t+2a (é)zho)zml, )
h5)ar+3, 07 (p2ho)ar2, v7 (P2ho)asss: t € Z},
B = Ext®! E(n)., E(n).(X (LX), oy (hy [ !
2 X . (£ (W0 B (X)) = 71 (LX) k3(1):{(£)ar42,01(5)ar43,01(p201 )ars3: t € Z}  and,
ka(1){(B)2t, (22)ars1s (22)26, (D241, ({D)at,
(p2h0)at, (P281)ars1, (P201)2e 2 t € Z}.

E(2);”*(V4) is a direct sum of

We denote by E(n)>* (X) the E,-term of the spectral sequence.
Our aim in this note is to calculate E(2)5(Vy) for s < 3.
Hereafter, for an E(2).(E(2))-comodule M, we denote

H’M = Extz’zz)_(E(z))(E(Z)*,M). ki (1) (B3)2041, (pzh%)zr, U%(ﬁ)2t+l,03(p2h%)2t+l 1t € Z},
’ ko (1) {(h))azs2 (p2hg)arst, (p2hd) a2, 07 (Blarsa, 07 (p2hd)arss: t € Z},
Consider the following E(2)..(E(2))-comodules: k3 (1).{({182) 4142 (p2{12)4t+2, 01(3)4143,01(P202)azs3: t € Z},
o o 1vo ka(1)o{(B))at, (01028041, ($102)ar, (83)ar41, (83)2e (Bars
Ny = E(2)*/(CZ), My =0 Ny, (p2h2)as, (P202)2e, (20241, (P20P)ats (p202)arer : t € Z},
M; = Coker(N} — M) = E(2)./(2,07), ka(1)e{($10)2041: £/2V0 =3 mod (4)} and
K(2). = E(2)./(2,01) = Z/2[v"]. ka(1){(83)0, (p202)0. (p2&)1}-
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2. H'M| fors <3

In this section, we review the structure of H *Mll determined
by Shimomura [1].
Theorem 2 ([3] (cf. [1]))  As a K(2).-module,
H*K(2). =P(9) ® E(p2)  K*,

where P(—) and E(—) are polynomial and exterior algebras, re-

spectively. Here,
K'=M®E(f) ® N ®E({1)
for

M = K(2).[ho, h1)/(hoh, 02h — BY),
N = K(Z)*{gl, §25 §3’ §4}
with

lhol = (1,2), || = (1,4), |p2] = (1,0), |B] = (3,0, |g] = (4,0),
|Gil = (i,0) for 1 <i<4.

The homomorphism (—/v’f): Mg — Mll;x — x/v’f induces
(=/v¥): H*M? — H*M/. Note that, for x € H*M, we have
vlf(x/v’l‘) =0. Put

k(1). = BP./(2,v3,03,...) = Z/2[v1],
K(1). = E(1)./(2) = Z/2[v}'].

Forx e H *Mg and n > 0, Shiomumura defined the subalgebra
P(n) = k(1).[03*"] = Z/2[01,02"]

of E(2)... He also denote by Q(A) for a subset A of H *Mg the di-
rect sum of K(1)./k(1). generated by x/v{ for j > O with x € A.
Consider the sets

Fi =Z/2[h]/(h}) ® E(P).
Fy = E(ho, v2h0, B),
Fy={o]hi: 0<i<3)
F(0) = {1, 83, Ga s
F(n) = 02" 'F(0) forn > 0,
F(n)* =02 (0l {1012 0 < i < 3).

Theorem 3 ([1, Th.2.6])  Asa k(1),-module,
H'M{ = P(9) ® E(p2) ® B".
Here, B* is the direct sum of

Fi1 ® P(){vz2/01}, F2 ® P(2){03/07}, F(1) ® P(2){03/v}},
(F()® F(n)) @ P(n+ 1){02"/0?‘2"71} forn > 1,
(F;®F(n)*) ® P(n+ 1){0§n/vf'zn_]+3} forn > 1,

and Q(I), where

1= 2721kl () @ E(B) @ (F(0) @ F(1)) ® E({1)) - {0).
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Consider the notation of Behrens’ type: For an element

X € H*MZO, the element x;;; € H*MI1 is defined by
vf_lxs/t = v3x /0.

From the above theorem, we obtain that HOMlI is the direct sum

of
P(D{ovz2/01} = k(1)u{lorr11: t € Z},
P(2){v3/0}} = k(l)*{]14t+2/2: teZ},
z)]3P(n+l){v2 /z)?‘2 +3)
= k(l)*{12n+lt+2n/3,2n—l cte Z} forn > 1,

and Q{1}. For a nonzero integer ¢, we denote
v(t) = max{i € Z: 2' | t}.
Then, we have the following:
Proposition 4 As a k(1).-module,
HM! = k(1)i{11jag(): t # 0} @ K(1)./k(1)..

Here, the summand K (1)../k(1). is generated by 1¢/; for j > 0,

and
1 t=1,3 mod (4),
ap(t) =42 t=2 mod (4),
3.2"0-1 + =0 mod (4).

Next turn to H 1Mll. This module is the direct sum of

hiP(W){o2/v1} = k(1) {(h1)2rs1/1: t € Z},
{ho, v2ho} ® P(2){03 /07} = k(1){(ho)ar+2/2: (ho)azs3j2: t € Z},
0l P(2){03/03} = k(1) {(§)ars3y3: t € Z},
{00,070} @ P(n+ D {o?" [032"}
= k(1)e{ (802 2r41)41/3.2n-1 ((1)2n-1 443y ;3001 1 T € Z} forn > 1,
02hoP(n+ 1){02" 032"} = {(ho)yn apen) 32141 ) forn > 1,
Qf{ho, {1,021} and pp(B*)° = szOMll. Therefore, we have the

following:
Proposition 5 As a k(1).-module, HlMl1 is the direct sum of

k(1):{(ho)t/ayn: 0#t=0,2,3 mod (4)},
k(Du{(h1)arsrjr: £ € Z},
k(DA(Q)ejayn: 1#t=1 mod (4), or /2" =3 mod (4)},

k(1).{(p2)t/ag(r) : t # O}
and four copies of K(1)./k(1). generated by (ho)o/j, ({1)oyjs
(¢1)1/j and (p2)o;; for j > 0. Here,

2
a() = {3 V01 4

, 3. 2v(t71)71
al(t) = {3 ) zv(t)

t=23 mod (4),
0#t=0 mod (4),

1#t=1 mod (4),
t/2"® =3 mod (4).

Next we consider H 2Mll. This is the directs sum of

hIP(1){v2/01} = k(1)u{(h))ors1/1: t € Z},
vzh%P(Z){vz/vi} = k(1) {(R))ars3/2: t € Z},
00 P(2){v; /o7t = k(1) {({2)arsss3: t € Z},
(020,03 &) ® P(n+ D{o?" [032"}
= k(1){(82)2n 2141)41/3.2n-15 (2)2n-1 4143y j3.0n-1 1 T € Z} forn > 1,
{1h2, 02" 12y @ P(n+ 1) {03 032" 43}

= k(1){(B)an 2r41) ;3271422 ((P)an-1 (443013201535 £ € Z} forn > 1,



Q{h(z), 0,00, {12, ozg’f} and py(B*)!. Therefore, we have the fol-
lowing:

Proposition 6 As a k(1).-module, Hlel is the direct sum of

k(1) {(B)tjayry: 0#t=0,3 mod (4)},
k(D){(hD2rs1y1: t € ZY,

k(D) A{(Q)ejayn: 1#t=1 mod (4), ort/2"" =3 mod (4)},

k(DA tjayn :

l#t=1 mod (2)and (t —1)/2"*"D =3 mod (4)},
k(D.{(p2h0)t/ay(ry: 0 #t=0,2,3 mod (4)},
k(1){(p2h1)2t41/1: t € Z},
k(D) {(p281)ea; () :

1#t=1 mod (4), ort/2"® =3 mod (4)}

and eight copies of K(1)./k(1). generated by (h%)o/j, ($2)o/5»

(175> (Dosjs D152 (p2h0)oyjs (p201)0s; and (p2d1)yy; for
j > 0. Here,

2 t=3 mod (4),
ay(t) = vit)-1 _
3.2°0-142 0£t=0 mod (4),

ab(t) =3-2"0"D 4+ 3.
The third cohomology H 3MlI is the direct sum of

PP(){v2/v1} = k(1)o{(B2t41/1: t € Z},
BP(2){v3/v7} = k(1) {(B)arszja: t € Z},
0 EP(){v3/vi} = k(1) {(B)arz2: t € Z},
{025,073} ® P(n+ 1) {0d" 032"}
= k(1):{(8B)on 2e41)+1/3:2n15 ($3)2n-1 (4p43) j3.2n1 } form > 1,
(B, 0103 G G) @ P(n+ 1) {0d" /032 +3)

3. E(2)%(Vy) fors <3

We put
K4(2). = E(2).(Va) = E(2)./(2,0}).

The short exact sequences

0— M) % Ml 2 M! = 0.and
4 ZJ4
1

-/
0> K4(2). —5 M| — M| — 0,

induce the connecting homomorphims
§:H'M] —» H*'M) and 9: H'M} — H*™'K4(2).

respectively.

Lemma8 Suppose that x € H*M). If 5(x;;;) = o4y, then
a(xs/t) = (y)u

= k(1)*{(hg)zn(2:+1)/3-2n*1+3, ({1{2)2an(4¢+3)+1/3.2n71+2} forn > 1, Proof. Lett: K4(2), — Mg be the canonical projection. Since

QR B, (3,020, L1 &, 201>} and pa(B*)>.

Proposition 7 As a k(1).-module, H3M1l is the direct sum of

k(D{(B)t/asry: t=1,2,3 mod (4)},
k(D). {(&B)rjan:t=1 mod (4), ort/2"® =3 mod (4)},
k(D)u{ (B /a1y 0# =0 mod (4)},
k(D) A D)esasy:

1#t=1 mod (2)and (t —1)/2"¢"D =3 mod (4)},
k(1) {(p2h2)t/ay(: 0# t =0,3 mod (4)},
k(D)«{(p2hy)2re1/1: t € Z},

k(1) {(p202)e/a (1) :
l#t=1 mod (4) ort/2"" =3 mod (4)},
k(DA (P20 esay 0
I#¢=1 mod (2)and (t-1)/2"""D =3 mod (4)},

and eleven copies of K(1)./k(1). generated by (hg)o/j, (Boyjs

(Bosss By (Gosis (G (p2hdosss (p202)osss
(202175 (p2{)oss» (p28)1y; for j > 0. Here,
t=1,3 mod (4),

1
az(t) =

2 t=2 mod (4),
ay(t) =32V 143,
ay(t)=3-2"0"0 12,
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the diagram

—/v o1
0 1 1
M, M, M,
d dl H
1 1
K4(2). o M, " M,

commutes, if 5(xs/;) = vy, then

p=0(xs/e) = 8(x50) = 0y

Therefore, (xs/1) = (Y)u-

From [1, Lem. 4.6], we obtain the following:



Lemma 9

ol t=1,3 mod (4),
vé‘lho t=2 mod (4),
o2 0#t=0 mod (4),

o1 h? t=2,3 mod (4)
6 h — 2 V(t)_ s 5
((ho)ejay 0)) {05—2 “ ]§2 0#t=0 mod (4),

8((h)aes1p1) =v3'hi,
_pvlt-1)-1 9
5(L)ejar ) = {” ¢

i
0((p2)tjay(1)) = P26(Le/ag(r))

0(1ta9(r)) =

1#t=1 mod (4),

g2 £/2V® =3 mod (4),

vé_l,DZhl t= 1,3 mod (4),
= 105" pahg t=2 mod (4),
o2 pati 0#t=0 mod (4),

t 1h3
- 2V“

t=3 mod (4),

H(rjex(r) = { "G 0#£t=0 mod (4),
S((hD)aes1y1) = v5h3,

t 2vt=1)
08 1#t=1 mod (4),
5((2)eja;(n) = { pll 21(:)§ & 12"® =3 mod (4),

5(@1 )t/az(t)) - Z)t 1-pv(= 1>ﬁ’
8((p2h0)t/ay (1)) = P28((ho)t/ay (1))

{ v
8((p2h1)aes1/1) = v3' pahi,

vt 2v(t—l)—] 2@/2
5 1
((p28D)e/a () = {vé v, 2

Consider the exact sequence 0 —

t=2,3 mod (4),
0#t=0 mod (4),

P2h2
v(t)
e

1#t=1 mod (4),
t/2") =3 mod (4).

Proof of Theorem 1.

o o
H0K4(2)* HOM1 HOMII. This implies

_/1,4
HK4(2), — ker(o}).

By Proposition 4,

_/04
HOKy(2). %) k(1)o{1s/min{aa0(6)}> Loja: t # 0},

and we see HK4(2), in the statement.

Next turn to H'K4(2).. We consider he long exact sequence

4 I 4

LA M S R ). a2
Put k;(1). = Z/2[01]/(v}) for £ > 1. By Proposition 4, we have
(H'M})/(0}) = kmin{aa0(5)} (Ds{1¢/ap() : t # 0}. By Lemma 8

and Lemma 9,

(h1)i-1
(ho)i-1
(1) 4—pvio-1

Therefore, 3 ((H'M])/(v})) is a direct sum of
ki(1):{(hi)ar: t €2},

k2 (1).{(ho)ars1: t € Z},
ka(1):{(L1)ae: /20 =1

t=1,3 mod (4),
t=2 mod (4),
0#t=0 mod (4).

0(1¢/ay(r) =

mod (4)}.
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By Proposition 5, the kernel of v‘l‘: H 1Ml1 — H 1Ml1 is a direct

sum of
k(1).{(ho)sj2: t =2,3 mod (4)},
k(1)«{(ho)arsa: t # 0},
k(D{(h1)2es11: t € Z},
k(D)«{(§1)arsap3: t € Z},
k(1) {()eja: 1#t=1 mod (4)},
k(1).{({0)2epa: £/2" =3 mod (4)},
k(1).{(p2)ars1j1: t € Z},
k(D){(p2)arsas2: t € Z},
k(1D){(p2)azja: t # 0}

and k(1).{(ho)osa> ({1)o/4> ({1)1/4> (p2)oya}. From the short exact
sequence

_/1,4
0> (H'MY)/(0%) 5 H'Ky(2), — ker(o?) — 0,

we obtain H'K,(2)..

For H?K,4(2)., we consider the short exact sequence

0— (H' Ml)/( 4) — H2K4(2) ————> ker(vl) — 0.

Lemma 8 and Lemma 9 imply that

(hz)t—l
h t/ai(t)) = X
3((ho)t/ay (1) {(gz)t_zmw

3((h1)aesiy1) = (h])as

(&)
7] t/ay(t)) =
({1 1 ( ) {(512)[2"(')

(p2h1)-1
(p2ho)s-1
(p281) a1

Then, 9 (H'M])/(v})) is a direct sum of

t=2,3 mod (4),
0#t=0 mod (4),

1#t=1 mod (4),
t/2") =3 mod (4),
t=1,3 mod (4),
t=2 mod (4),
0#t=0 mod (4).

A((p2)t/ag(r) =

ka(1).{(h);: t=1,2 mod (4)},

ka(1){(L2)2e, ({P)2ee1, (p201)2e: £/2YD =1 mod (4)},
ki (1):{(h)2e, (p2h1)ae: t € Z},

k3(1).{(§D a2 t € Z},

ka(1):{({7)ar: t # 0}

ko (1)« {(p2ho)ars1: t € Z}.

:H’M] — H*M isa

direct sum of

k(1).{(h2)ars3p2: t € Z},

k(1).{(h3)aesa: t # 0},

k(D){(h))2es11: t € Z},

k(1).{(L2)ar43/3: t € Z},

k(1).{(82)ar41/4: t # 0},

k(1) {(%)aeja: /2" =3 mod (4)},

k(D)u{({Des1a: /27D =3 mod (4)},

k(1).{(p2ho)¢/2: t =2,3 mod (4)},

k(1).{(p2ho)as/a: t # 0},

k(1).{(p2h1)2es1/1: t € Z},

k(1):{(p281)ars3/3: t € Z},

k(1){(p281)ar41/4: t # 0},

k(1) {(p2l)aeja: /2" =3 mod (4)} and

k(D) (B)os4. (£2)074: (2)174: (EDojas (G140
(p2ho)osas (P281)0sa (P281) 174}



Then, we see the structure of H2K4 (2).. Then, a((Hlel)/(vf)) is a direct sum of
Finally, we consider H 31‘(4(2)*. We consider the short exact

ka(D)u{(h))arsa: t € Z},

ka(1)u{(53)2e: /2" =1 mod (4)},

ki (1)u{(B)2rs1: t € Z},

ks(D){($182)ars2: t € Z},

ka(1):{($182)8241: £ # 0},

ka(1).{(5182)ar: t # 0},

—/ZIAI‘ ka(1)s E- 0},

0— (HZM})/(U?) i H3K4(2)* — ker(vf) — 0. kig‘;igﬁﬁ%)t t E}], 2 mod (4)},
ks(D).{(p202)ae: £/2"D =1 mod (4)},
ki(1).{(p2h3)as s t € Z},
k3(D)«{(p2l])ars2: t € Z},
ka(D{(p20)asr: /2" =1 mod (4)} and

By Lemma 8 and Lemma 9, we have ka(D:A(p28)ar s 1 # 0}

sequence

The kernel of 0‘1‘: H3M11 — H3M11 is a direct sum of

k(D) (B)2ts1/1, (Bars22: t € Z},
k(1):{(83)ar43/3: t € Z},

(hg)e-1 t=3 mod (4), k(1){(53)ars1/a: t € Z},
(h)ejax(v)) = { X _ k(D) {(Z3)aeja: £/270 = 3},
(83);—ovin-1 0#t=0 mod (4), k(l)*{(h8)4t/4: {0},
A((hDaee1y1) = (h)arst, k(1).{(& g22)2t+1/4; /2O =3 mod (4)},
= k(1).{(p2hi)ars3jp: t € Z},
vie-ny 1 =1 d (4),
A(E2eya; (1) = {E%;”( L /;in AP 5 ()4) k(D) (pah)arsa: t # 0},
£182)1-20 =3 mod (4) k(DA (poagenyi: £ € Z),
3((§12)t/a;(t)) = (B i-1-2ve, k21;*~{{EPQ§2§4H3/3: te Z]]:,
B k(1):{(p282)ars1/a: t # 0},
H(paho)uya o) = | P21 1=23 mod (4), k(D)(p28)aaga: 1270 =3 mod (4)},
(p202)spvi-1 0#t=0 mod (4), k(l)*{(p2§?)2t+l/4: t/zv(t) =3 mod (4)} and
3((p2h1)ars1/1) = (p2hd)as, k(D) (B3)osa: (Boja (83)o/a (£182)0s4, ($102) 14

(psL)ygens 14121 mod (4), (p2hd)o/a (P202)074: (P202)1/4: (P28 )0sas (p20)1/a}-

(ng’lz)t_zv(,) t/2"® =3 mod (4). Therefore, we obtain the structure of H3K,(2).. O

((p281)e/a (1) = {
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