
Lower lines of the 𝐸 (2)-based Adams spectral sequence for 𝑀 (2, 𝑣4
1)
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In this note, we calculate the zeroth, first, second and third lines of the 𝐸 (2)-based Adams spectral sequence for the
type two finite spectrum 𝑀 (2, 𝑣4

1).

1. Introduction
Consider the homology theory 𝐵𝑃∗ (−) represeted by the

Brown-Peterson spectrum𝐵𝑃 at 2. The coefficient ring of𝐵𝑃∗ (−)
is 𝐵𝑃∗ = Z(2) [𝑣1, 𝑣2, 𝑣3, . . . ] with |𝑣𝑖 | = 2𝑖+1 − 2. In the stable ho-
motopy category of 2-localized spectra, there exists a type two
finite spectrum 𝑉4 = 𝑀 (2, 𝑣4

1), whose 𝐵𝑃∗-homology is

𝐵𝑃∗ (𝑉4) = 𝐵𝑃∗/(2, 𝑣4
1).

The 𝑛-th Johnson-Wilson theory 𝐸 (𝑛)∗ (−) at 2 is defined by the
homology theory

𝐸 (𝑛)∗ (−) = 𝐸 (𝑛)∗ ⊗𝐵𝑃∗ 𝐵𝑃∗ (−),

where

𝐸 (𝑛)∗ = 𝑣−1
𝑛 𝐵𝑃∗/(𝑣𝑛+1, 𝑣𝑛+2, . . . ) = Z(2) [𝑣1, . . . , 𝑣𝑛−1, 𝑣

±1
𝑛 ] .

The spectrum 𝐸 (𝑛) is defined to be the spectrum which represents
𝐸 (𝑛)∗ (−). We then have

𝐸 (𝑛)∗ (𝑉4) = 𝐸 (𝑛)∗ ⊗𝐵𝑃∗ 𝐵𝑃∗ (𝑉4) = 𝐸 (𝑛)∗/(2, 𝑣4
1).

We denote by 𝐿𝑛 the Bousfield localization functor with respect
to 𝐸 (𝑛). The 𝐸 (𝑛)-based Adams spectral sequence for a spectrum
𝑋 is of the form

𝐸𝑠,𝑡2 = Ext𝑠,𝑡
𝐸 (𝑛)∗ (𝐸 (𝑛)) (𝐸 (𝑛)∗, 𝐸 (𝑛)∗ (𝑋 )) ⇒ 𝜋𝑡−𝑠 (𝐿𝑛𝑋 ).

We denote by 𝐸 (𝑛)𝑠,𝑡𝑟 (𝑋 ) the 𝐸𝑟 -term of the spectral sequence.
Our aim in this note is to calculate 𝐸 (2)𝑠2 (𝑉4) for 𝑠 ≤ 3.

Hereafter, for an 𝐸 (2)∗ (𝐸 (2))-comodule 𝑀 , we denote

𝐻𝑠𝑀 = Ext𝑠,∗
𝐸 (2)∗ (𝐸 (2)) (𝐸 (2)∗, 𝑀) .

Consider the following 𝐸 (2)∗ (𝐸 (2))-comodules:

𝑁 0
1 = 𝐸 (2)∗/(2), 𝑀0

1 = 𝑣−1
1 𝑁 0

1 ,

𝑀1
1 = Coker(𝑁 0

1
⊂−→ 𝑀0

1 ) = 𝐸 (2)∗/(2, 𝑣
∞
1 ),

𝐾 (2)∗ = 𝐸 (2)∗/(2, 𝑣1) = Z/2[𝑣±1
2 ] .

We also put

𝑘 (1)∗ = 𝐵𝑃∗/(2, 𝑣2, 𝑣3, . . . ) = Z/2[𝑣1],
𝐾 (1)∗ = 𝐸 (1)∗/(2) = Z/2[𝑣±1

1 ] .

Consider the canonical projection 𝜏 : 𝐸 (2)∗ (𝑉4) → 𝑀0
2 , and, for

𝑥 ∈ 𝐻 ∗𝑀0
2 , the notation 𝑥𝑠 ∈ 𝐸 (2)∗,∗2 (𝑉4) = 𝐻 ∗ (𝐸 (𝑛)∗/(2, 𝑣4

1))
for 𝑠 ∈ Z is defined by 𝜏∗ (𝑥𝑠 ) = 𝑣𝑠2𝑥 ∈ 𝐻 ∗𝑀0

2 . We put
𝑘𝑖 (1)∗ = Z/2[𝑣1]/(𝑣𝑖1) for 𝑖 ≥ 1.

Theorem 1 As a 𝑘 (1)∗-module, the 𝐸2-term 𝐸 (2)𝑠,∗2 (𝑉4) for
𝑠 ≤ 3 is given as follows:

• 𝐸 (2)0,∗
2 (𝑉4) is a direct sum of

𝑘1 (1)∗{𝑣3
112𝑡+1 : 𝑡 ∈ Z},

𝑘2 (1)∗{𝑣2
114𝑡+2 : 𝑡 ∈ Z} and 𝑘4 (1)∗{14𝑡 : 𝑡 ∈ Z}.

• 𝐸 (2)1,∗
2 (𝑉4) is a direct sum of

𝑘1 (1)∗{(ℎ1)2𝑡 , 𝑣3
1 (ℎ1)2𝑡+1, (𝜌2)2𝑡+1 : 𝑡 ∈ Z},

𝑘2 (1)∗{(ℎ0)4𝑡+1, (ℎ0)4𝑡+2, (ℎ0)4𝑡+3, 𝑣
2
1 (𝜌2)4𝑡+2 : 𝑡 ∈ Z},

𝑘3 (1)∗{𝑣1 (𝜁1)4𝑡+3 : 𝑡 ∈ Z} and
𝑘4 (1)∗{(ℎ0)4𝑡 , (𝜁1)2𝑡 , (𝜌2)4𝑡 , (𝜁1)4𝑡+1 : 𝑡 ∈ Z}.

• 𝐸 (2)2,∗
2 (𝑉4) is a direct sum of

𝑘1 (1)∗{(ℎ2
1)2𝑡 , (𝜌2ℎ1)2𝑡 , 𝑣3

1 (ℎ
2
1)2𝑡+1, 𝑣

3
1 (𝜌2ℎ1)2𝑡+1 : 𝑡 ∈ Z},

𝑘2 (1)∗{(ℎ2
0)4𝑡+1, (ℎ2

0)4𝑡+2, (𝜌2ℎ0)4𝑡+1,
𝑣2

1 (ℎ2
0)4𝑡+3, 𝑣

2
1 (𝜌2ℎ0)4𝑡+2, 𝑣

2
1 (𝜌2ℎ0)4𝑡+3 : 𝑡 ∈ Z},

𝑘3 (1)∗{(𝜁 2
1 )4𝑡+2, 𝑣1 (𝜁2)4𝑡+3, 𝑣1 (𝜌2𝜁1)4𝑡+3 : 𝑡 ∈ Z} and,

𝑘4 (1)∗{(ℎ2
0)2𝑡 , (𝜁2)4𝑡+1, (𝜁2)2𝑡 , (𝜁 2

1 )2𝑡+1, (𝜁 2
1 )4𝑡 ,

(𝜌2ℎ0)4𝑡 , (𝜌2𝜁1)4𝑡+1, (𝜌2𝜁1)2𝑡 : 𝑡 ∈ Z}.

• 𝐸 (2)3,∗
2 (𝑉4) is a direct sum of

𝑘1 (1)∗{(ℎ3
0)2𝑡+1, (𝜌2ℎ

2
1)2𝑡 , 𝑣3

1 (𝛽)2𝑡+1, 𝑣
3
1 (𝜌2ℎ

2
1)2𝑡+1 : 𝑡 ∈ Z},

𝑘2 (1)∗{(ℎ3
0)4𝑡+2, (𝜌2ℎ

2
0)4𝑡+1, (𝜌2ℎ

2
0)4𝑡+2, 𝑣

2
1 (𝛽)4𝑡+2, 𝑣

2
1 (𝜌2ℎ

2
0)4𝑡+3 : 𝑡 ∈ Z},

𝑘3 (1)∗{(𝜁1𝜁2)4𝑡+2, (𝜌2𝜁
2
1 )4𝑡+2, 𝑣1 (𝜁3)4𝑡+3, 𝑣1 (𝜌2𝜁2)4𝑡+3 : 𝑡 ∈ Z},

𝑘4 (1)∗{(ℎ3
0)4𝑡 , (𝜁1𝜁2)8𝑡+1, (𝜁1𝜁2)4𝑡 , (𝜁3)4𝑡+1, (𝜁3)2𝑡 , (𝛽)4𝑡 ,

(𝜌2ℎ
2
0)4𝑡 , (𝜌2𝜁2)2𝑡 , (𝜌2𝜁

2
1 )2𝑡+1, (𝜌2𝜁

2
1 )4𝑡 , (𝜌2𝜁2)4𝑡+1 : 𝑡 ∈ Z},

𝑘4 (1)∗{(𝜁1𝜁2)2𝑡+1 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)} and
𝑘4 (1)∗{(𝜁3)0, (𝜌2𝜁2)0, (𝜌2𝜁

2
1 )1}.
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2. 𝐻 𝑠𝑀1
1 for 𝑠 ≤ 3

In this section, we review the structure of 𝐻 ∗𝑀1
1 determined

by Shimomura [1].

Theorem 2（[3] (cf. [1])） As a 𝐾 (2)∗-module,

𝐻 ∗𝐾 (2)∗ = 𝑃 (𝑔) ⊗ 𝐸 (𝜌2) ⊗ 𝐾∗,

where 𝑃 (−) and 𝐸 (−) are polynomial and exterior algebras, re-
spectively. Here,

𝐾∗ = 𝑀 ⊗ 𝐸 (𝛽) ⊕ 𝑁 ⊗ 𝐸 (𝜁1)

for

𝑀 = 𝐾 (2)∗ [ℎ0, ℎ1]/(ℎ0ℎ1, 𝑣2ℎ
3
0 − ℎ

3
1),

𝑁 = 𝐾 (2)∗{𝜁1, 𝜁2, 𝜁3, 𝜁4}

with

|ℎ0 | = (1, 2), |ℎ1 | = (1, 4), |𝜌2 | = (1, 0), |𝛽 | = (3, 0), |𝑔| = (4, 0),
|𝜁𝑖 | = (𝑖, 0) for 1 ≤ 𝑖 ≤ 4.

The homomorphism (−/𝑣𝑘1 ) : 𝑀0
2 → 𝑀1

1 ;𝑥 ↦→ 𝑥/𝑣𝑘1 induces
(−/𝑣𝑘1 ) : 𝐻 ∗𝑀0

2 → 𝐻 ∗𝑀1
1 . Note that, for 𝑥 ∈ 𝐻 ∗𝑀0

2 , we have
𝑣𝑘1 (𝑥/𝑣

𝑘
1 ) = 0. Put

𝑘 (1)∗ = 𝐵𝑃∗/(2, 𝑣2, 𝑣3, . . . ) = Z/2[𝑣1],
𝐾 (1)∗ = 𝐸 (1)∗/(2) = Z/2[𝑣±1

1 ] .

For 𝑥 ∈ 𝐻 ∗𝑀0
2 and 𝑛 > 0, Shiomumura defined the subalgebra

𝑃 (𝑛) = 𝑘 (1)∗ [𝑣±2𝑛
2 ] = Z/2[𝑣1, 𝑣

±2𝑛
2 ]

of 𝐸 (2)∗. He also denote by𝑄 (𝐴) for a subset𝐴 of 𝐻 ∗𝑀0
2 the di-

rect sum of 𝐾 (1)∗/𝑘 (1)∗ generated by 𝑥/𝑣 𝑗1 for 𝑗 > 0 with 𝑥 ∈ 𝐴.
Consider the sets

𝐹1 = Z/2[ℎ1]/(ℎ3
1) ⊗ 𝐸 (𝛽),

𝐹2 = 𝐸 (ℎ0, 𝑣2ℎ0, 𝛽),
𝐹3 = {𝑣3−𝑖

1 ℎ𝑖0 : 0 ≤ 𝑖 ≤ 3},
𝐹 (0) = {𝜁1, 𝜁2, 𝜁3, 𝜁4},
𝐹 (𝑛) = 𝑣2𝑛−1

2 𝐹 (0) for 𝑛 > 0,

𝐹 (𝑛)∗ = 𝑣2𝑛−1+1
2 {𝑣𝑖1𝜁1𝜁1+𝑖 : 0 ≤ 𝑖 ≤ 3}.

Theorem 3（[1, Th. 2.6]） As a 𝑘 (1)∗-module,

𝐻 ∗𝑀1
1 = 𝑃 (𝑔) ⊗ 𝐸 (𝜌2) ⊗ 𝐵∗.

Here, 𝐵∗ is the direct sum of

𝐹1 ⊗ 𝑃 (1){𝑣2/𝑣1}, 𝐹2 ⊗ 𝑃 (2){𝑣2
2/𝑣2

1}, 𝐹 (1) ⊗ 𝑃 (2){𝑣2
2/𝑣3

1},
(𝐹 (1) ⊕ 𝐹 (𝑛)) ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛

2 /𝑣3·2𝑛−1

1 } for 𝑛 > 1,
(𝐹3 ⊕ 𝐹 (𝑛)∗) ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛

2 /𝑣3·2𝑛−1+3
1 } for 𝑛 > 1,

and 𝑄 (𝐼 ), where

𝐼 =
(
Z/2[ℎ0]/(ℎ4

0) ⊗ 𝐸 (𝛽) ⊕ (𝐹 (0) ⊕ 𝐹 (1)) ⊗ 𝐸 (𝜁1)
)
− {0}.

Consider the notation of Behrens’ type: For an element
𝑥 ∈ 𝐻 ∗𝑀0

2 , the element 𝑥𝑠/𝑡 ∈ 𝐻 ∗𝑀1
1 is defined by

𝑣𝑡−1
1 𝑥𝑠/𝑡 = 𝑣

𝑠
2𝑥/𝑣1.

From the above theorem, we obtain that 𝐻 0𝑀1
1 is the direct sum

of
𝑃 (1){𝑣2/𝑣1} = 𝑘 (1)∗{12𝑡+1/1 : 𝑡 ∈ Z},
𝑃 (2){𝑣2

2/𝑣2
1} = 𝑘 (1)∗{14𝑡+2/2 : 𝑡 ∈ Z},

𝑣3
1𝑃 (𝑛 + 1){𝑣2𝑛

2 /𝑣3·2𝑛−1+3
1 }

= 𝑘 (1)∗{12𝑛+1𝑡+2𝑛/3·2𝑛−1 : 𝑡 ∈ Z} for 𝑛 > 1,

and 𝑄{1}. For a nonzero integer 𝑡 , we denote

𝜈 (𝑡) = max{𝑖 ∈ Z : 2𝑖 | 𝑡}.

Then, we have the following:

Proposition 4 As a 𝑘 (1)∗-module,

𝐻 0𝑀1
1 = 𝑘 (1)∗{1𝑡/𝑎0 (𝑡 ) : 𝑡 ≠ 0} ⊕ 𝐾 (1)∗/𝑘 (1)∗.

Here, the summand 𝐾 (1)∗/𝑘 (1)∗ is generated by 10/𝑗 for 𝑗 > 0,
and

𝑎0 (𝑡) =


1 𝑡 ≡ 1, 3 mod (4),
2 𝑡 ≡ 2 mod (4),
3 · 2𝜈 (𝑡 )−1 𝑡 ≡ 0 mod (4).

Next turn to 𝐻 1𝑀1
1 . This module is the direct sum of

ℎ1𝑃 (1){𝑣2/𝑣1} = 𝑘 (1)∗{(ℎ1)2𝑡+1/1 : 𝑡 ∈ Z},
{ℎ0, 𝑣2ℎ0} ⊗ 𝑃 (2){𝑣2

2/𝑣2
1} = 𝑘 (1)∗{(ℎ0)4𝑡+2/2, (ℎ0)4𝑡+3/2 : 𝑡 ∈ Z},

𝑣2𝜁1𝑃 (2){𝑣2
2/𝑣3

1} = 𝑘 (1)∗{(𝜁1)4𝑡+3/3 : 𝑡 ∈ Z},
{𝑣2𝜁1, 𝑣

2𝑛−1

2 𝜁1} ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛
2 /𝑣3·2𝑛−1

1 }
= 𝑘 (1)∗{(𝜁1)2𝑛 (2𝑡+1)+1/3·2𝑛−1 , (𝜁1)2𝑛−1 (4𝑡+3)/3·2𝑛−1 : 𝑡 ∈ Z} for 𝑛 > 1,

𝑣2
1ℎ0𝑃 (𝑛 + 1){𝑣2𝑛

2 /𝑣3·2𝑛−1+3
1 } = {(ℎ0)2𝑛 (2𝑡+1)/3·2𝑛−1+1} for 𝑛 > 1,

𝑄{ℎ0, 𝜁1, 𝑣2𝜁1} and 𝜌2 (𝐵∗)0 = 𝜌2𝐻
0𝑀1

1 . Therefore, we have the
following:

Proposition 5 As a 𝑘 (1)∗-module, 𝐻 1𝑀1
1 is the direct sum of

𝑘 (1)∗{(ℎ0)𝑡/𝑎1 (𝑡 ) : 0 ≠ 𝑡 ≡ 0, 2, 3 mod (4)},
𝑘 (1)∗{(ℎ1)2𝑡+1/1 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁1)𝑡/𝑎′1 (𝑡 ) : 1 ≠ 𝑡 ≡ 1 mod (4), or 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2)𝑡/𝑎0 (𝑡 ) : 𝑡 ≠ 0}

and four copies of 𝐾 (1)∗/𝑘 (1)∗ generated by (ℎ0)0/𝑗 , (𝜁1)0/𝑗 ,
(𝜁1)1/𝑗 and (𝜌2)0/𝑗 for 𝑗 > 0. Here,

𝑎1 (𝑡) =
{

2 𝑡 ≡ 2, 3 mod (4),
3 · 2𝜈 (𝑡 )−1 + 1 0 ≠ 𝑡 ≡ 0 mod (4),

𝑎′1 (𝑡) =
{

3 · 2𝜈 (𝑡−1)−1 1 ≠ 𝑡 ≡ 1 mod (4),
3 · 2𝜈 (𝑡 ) 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4) .

Next we consider 𝐻 2𝑀1
1 . This is the directs sum of

ℎ2
1𝑃 (1){𝑣2/𝑣1} = 𝑘 (1)∗{(ℎ2

1)2𝑡+1/1 : 𝑡 ∈ Z},
𝑣2ℎ

2
0𝑃 (2){𝑣2

2/𝑣2
1} = 𝑘 (1)∗{(ℎ2

0)4𝑡+3/2 : 𝑡 ∈ Z},
𝑣2𝜁2𝑃 (2){𝑣2

2/𝑣3
1} = 𝑘 (1)∗{(𝜁2)4𝑡+3/3 : 𝑡 ∈ Z},

{𝑣2𝜁2, 𝑣
2𝑛−1

2 𝜁2} ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛
2 /𝑣3·2𝑛−1

1 }
= 𝑘 (1)∗{(𝜁2)2𝑛 (2𝑡+1)+1/3·2𝑛−1 , (𝜁2)2𝑛−1 (4𝑡+3)/3·2𝑛−1 : 𝑡 ∈ Z} for 𝑛 > 1,

{𝑣1ℎ
2
0, 𝑣

2𝑛−1+1
2 𝜁 2

1 } ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛
2 /𝑣3·2𝑛−1+3

1 }
= 𝑘 (1)∗{(ℎ2

0)2𝑛 (2𝑡+1)/3·2𝑛−1+2, (𝜁 2
1 )2𝑛−1 (4𝑡+3)+1/3·2𝑛−1+3 : 𝑡 ∈ Z} for 𝑛 > 1,
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𝑄{ℎ2
0, 𝜁2, 𝑣2𝜁2, 𝜁

2
1 , 𝑣2𝜁

2
1 } and 𝜌2 (𝐵∗)1. Therefore, we have the fol-

lowing:

Proposition 6 As a 𝑘 (1)∗-module, 𝐻 2𝑀1
1 is the direct sum of

𝑘 (1)∗{(ℎ2
0)𝑡/𝑎2 (𝑡 ) : 0 ≠ 𝑡 ≡ 0, 3 mod (4)},

𝑘 (1)∗{(ℎ2
1)2𝑡+1/1 : 𝑡 ∈ Z},

𝑘 (1)∗{(𝜁2)𝑡/𝑎′1 (𝑡 ) : 1 ≠ 𝑡 ≡ 1 mod (4), or 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜁 2

1 )𝑡/𝑎′2 (𝑡 ) :
1 ≠ 𝑡 ≡ 1 mod (2) and (𝑡 − 1)/2𝜈 (𝑡−1) ≡ 3 mod (4)},

𝑘 (1)∗{(𝜌2ℎ0)𝑡/𝑎1 (𝑡 ) : 0 ≠ 𝑡 ≡ 0, 2, 3 mod (4)},
𝑘 (1)∗{(𝜌2ℎ1)2𝑡+1/1 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2𝜁1)𝑡/𝑎′1 (𝑡 ) :

1 ≠ 𝑡 ≡ 1 mod (4), or 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)}

and eight copies of 𝐾 (1)∗/𝑘 (1)∗ generated by (ℎ2
0)0/𝑗 , (𝜁2)0/𝑗 ,

(𝜁2)1/𝑗 , (𝜁 2
1 )0/𝑗 , (𝜁 2

1 )1/𝑗 , (𝜌2ℎ0)0/𝑗 , (𝜌2𝜁1)0/𝑗 and (𝜌2𝜁1)1/𝑗 for
𝑗 > 0. Here,

𝑎2 (𝑡) =
{

2 𝑡 ≡ 3 mod (4),
3 · 2𝜈 (𝑡 )−1 + 2 0 ≠ 𝑡 ≡ 0 mod (4),

𝑎′2 (𝑡) = 3 · 2𝜈 (𝑡−1) + 3.

The third cohomology 𝐻 3𝑀1
1 is the direct sum of

𝛽𝑃 (1){𝑣2/𝑣1} = 𝑘 (1)∗{(𝛽)2𝑡+1/1 : 𝑡 ∈ Z},
𝛽𝑃 (2){𝑣2

2/𝑣2
1} = 𝑘 (1)∗{(𝛽)4𝑡+2/2 : 𝑡 ∈ Z},

𝑣2𝜁3𝑃 (2){𝑣2
2/𝑣3

1} = 𝑘 (1)∗{(𝜁3)4𝑡+2/2 : 𝑡 ∈ Z},
{𝑣2𝜁3, 𝑣

2𝑛−1

2 𝜁3} ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛
2 /𝑣3·2𝑛−1

1 }
= 𝑘 (1)∗{(𝜁3)2𝑛 (2𝑡+1)+1/3·2𝑛−1 , (𝜁3)2𝑛−1 (4𝑡+3)/3·2𝑛−1 } for 𝑛 > 1,

{ℎ3
0, 𝑣1𝑣

2𝑛−1+1
2 𝜁1𝜁2} ⊗ 𝑃 (𝑛 + 1){𝑣2𝑛

2 /𝑣3·2𝑛−1+3
1 }

= 𝑘 (1)∗{(ℎ3
0)2𝑛 (2𝑡+1)/3·2𝑛−1+3, (𝜁1𝜁2)2𝑛−1 (4𝑡+3)+1/3·2𝑛−1+2} for 𝑛 > 1,

𝑄{ℎ3
0, 𝛽, 𝜁3, 𝑣2𝜁3, 𝜁1𝜁2, 𝑣2𝜁1𝜁2} and 𝜌2 (𝐵∗)2.

Proposition 7 As a 𝑘 (1)∗-module, 𝐻 3𝑀1
1 is the direct sum of

𝑘 (1)∗{(𝛽)𝑡/𝑎3 (𝑡 ) : 𝑡 ≡ 1, 2, 3 mod (4)},
𝑘 (1)∗{(𝜁3)𝑡/𝑎′1 (𝑡 ) : 𝑡 ≡ 1 mod (4), or 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(ℎ3

0)𝑡/𝑎′3 (𝑡 ) : 0 ≠ 𝑡 ≡ 0 mod (4)},
𝑘 (1)∗{(𝜁1𝜁2)𝑡/𝑎′′3 (𝑡 ) :

1 ≠ 𝑡 ≡ 1 mod (2) and (𝑡 − 1)/2𝜈 (𝑡−1) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2ℎ

2
0)𝑡/𝑎2 (𝑡 ) : 0 ≠ 𝑡 ≡ 0, 3 mod (4)},

𝑘 (1)∗{(𝜌2ℎ
2
1)2𝑡+1/1 : 𝑡 ∈ Z},

𝑘 (1)∗{(𝜌2𝜁2)𝑡/𝑎′1 (𝑡 ) :
1 ≠ 𝑡 ≡ 1 mod (4) or 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},

𝑘 (1)∗{(𝜌2𝜁
2
1 )𝑡/𝑎′2 (𝑡 ) :

1 ≠ 𝑡 ≡ 1 mod (2) and (𝑡 − 1)/2𝜈 (𝑡−1) ≡ 3 mod (4)},

and eleven copies of 𝐾 (1)∗/𝑘 (1)∗ generated by (ℎ3
0)0/𝑗 , (𝛽)0/𝑗 ,

(𝜁3)0/𝑗 , (𝜁3)1/𝑗 , (𝜁1𝜁2)0/𝑗 , (𝜁1𝜁2)1/𝑗 , (𝜌2ℎ
2
0)0/𝑗 , (𝜌2𝜁2)0/𝑗 ,

(𝜌2𝜁2)1/𝑗 , (𝜌2𝜁
2
1 )0/𝑗 , (𝜌2𝜁

2
1 )1/𝑗 for 𝑗 > 0. Here,

𝑎3 (𝑡) =
{

1 𝑡 ≡ 1, 3 mod (4),
2 𝑡 ≡ 2 mod (4),

𝑎′3 (𝑡) = 3 · 2𝜈 (𝑡 )−1 + 3,
𝑎′′3 (𝑡) = 3 · 2𝜈 (𝑡−1) + 2.

3. 𝐸 (2)𝑠,∗(𝑉4) for 𝑠 ≤ 3

We put

𝐾4 (2)∗ = 𝐸 (2)∗ (𝑉4) = 𝐸 (2)∗/(2, 𝑣4
1) .

The short exact sequences

0 → 𝑀0
2

−/𝑣1−−−→ 𝑀1
1

𝑣1−→ 𝑀1
1 → 0 and

0 → 𝐾4 (2)∗
−/𝑣4

1−−−→ 𝑀1
1

𝑣4
1−→ 𝑀1

1 → 0,

induce the connecting homomorphims

𝛿 : 𝐻 ∗𝑀1
1 → 𝐻 ∗+1𝑀0

2 and 𝜕 : 𝐻 ∗𝑀1
1 → 𝐻 ∗+1𝐾4 (2)∗

respectively.

Lemma 8 Suppose that 𝑥 ∈ 𝐻 ∗𝑀0
2 . If 𝛿 (𝑥𝑠/𝑡 ) = 𝑣𝑢2𝑦, then

𝜕(𝑥𝑠/𝑡 ) = (𝑦)𝑢 .

Proof. Let 𝜏 : 𝐾4 (2)∗ → 𝑀0
2 be the canonical projection. Since

the diagram

𝑀0
2

−/𝑣1−−−−−−→ 𝑀1
1

𝑣1−−−−−−→ 𝑀1
1

𝜏

x 𝑣3
1

x 
𝐾4 (2)∗ −−−−−−→

−/𝑣4
1

𝑀1
1 −−−−−−→

𝑣4
1

𝑀1
1

commutes, if 𝛿 (𝑥𝑠/𝑡 ) = 𝑣𝑢2𝑦, then

𝜌∗𝜕(𝑥𝑠/𝑡 ) = 𝛿 (𝑥𝑠/𝑡 ) = 𝑣𝑢2𝑦.

Therefore, 𝜕(𝑥𝑠/𝑡 ) = (𝑦)𝑢 . □

From [1, Lem. 4.6], we obtain the following:
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Lemma 9

𝛿 (1𝑡/𝑎0 (𝑡 ) ) =

𝑣𝑡−1

2 ℎ1 𝑡 ≡ 1, 3 mod (4),
𝑣𝑡−1

2 ℎ0 𝑡 ≡ 2 mod (4),
𝑣𝑡−2𝜈 (𝑡 )−1

2 𝜁1 0 ≠ 𝑡 ≡ 0 mod (4),

𝛿 ((ℎ0)𝑡/𝑎1 (𝑡 ) ) =
{
𝑣𝑡−1

2 ℎ2
0 𝑡 ≡ 2, 3 mod (4),

𝑣𝑡−2𝜈 (𝑡 )−1

2 𝜁2 0 ≠ 𝑡 ≡ 0 mod (4),
𝛿 ((ℎ1)2𝑡+1/1) = 𝑣2𝑡

2 ℎ
2
1,

𝛿 ((𝜁1)𝑡/𝑎′1 (𝑡 ) ) =
{
𝑣𝑡−2𝜈 (𝑡−1)−1

2 𝜁 2
1 1 ≠ 𝑡 ≡ 1 mod (4),

𝑣𝑡−𝜈 (𝑡 )2 𝜁 2
1 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4),

𝛿 ((𝜌2)𝑡/𝑎0 (𝑡 ) ) = 𝜌2𝛿 (1𝑡/𝑎0 (𝑡 ) )

=


𝑣𝑡−1

2 𝜌2ℎ1 𝑡 ≡ 1, 3 mod (4),
𝑣𝑡−1

2 𝜌2ℎ0 𝑡 ≡ 2 mod (4),
𝑣𝑡−2𝜈 (𝑡 )−1

2 𝜌2𝜁1 0 ≠ 𝑡 ≡ 0 mod (4),

𝛿 ((ℎ2
0)𝑡/𝑎2 (𝑡 ) ) =

{
𝑣𝑡−1

2 ℎ3
0 𝑡 ≡ 3 mod (4),

𝑣𝑡−2𝜈 (𝑡 )−1

2 𝜁3 0 ≠ 𝑡 ≡ 0 mod (4),
𝛿 ((ℎ2

1)2𝑡+1/1) = 𝑣𝑡2ℎ
3
0,

𝛿 ((𝜁2)𝑡/𝑎′1 (𝑡 ) ) =
{
𝑣𝑡−2𝜈 (𝑡−1)

2 𝜁1𝜁2 1 ≠ 𝑡 ≡ 1 mod (4),
𝑣𝑡−2𝜈 (𝑡 )

2 𝜁1𝜁2 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4),

𝛿 ((𝜁 2
1 )𝑡/𝑎′2 (𝑡 ) ) = 𝑣

𝑡−1−2𝜈 (𝑡−1)
2 𝛽,

𝛿 ((𝜌2ℎ0)𝑡/𝑎1 (𝑡 ) ) = 𝜌2𝛿 ((ℎ0)𝑡/𝑎1 (𝑡 ) )

=

{
𝑣𝑡−1

2 𝜌2ℎ
2
0 𝑡 ≡ 2, 3 mod (4),

𝑣𝑡−2𝜈 (𝑡 )−1

2 𝜌2𝜁2 0 ≠ 𝑡 ≡ 0 mod (4),
𝛿 ((𝜌2ℎ1)2𝑡+1/1) = 𝑣2𝑡

2 𝜌2ℎ
2
1,

𝛿 ((𝜌2𝜁1)𝑡/𝑎′1 (𝑡 ) ) =
{
𝑣𝑡−2𝜈 (𝑡−1)−1

2 𝜌2𝜁
2
1 1 ≠ 𝑡 ≡ 1 mod (4),

𝑣𝑡−𝜈 (𝑡 )2 𝜌2𝜁
2
1 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4).

Proof of Theorem 1. Consider the exact sequence 0 →

𝐻 0𝐾4 (2)∗
−/𝑣4

1−−−→ 𝐻 0𝑀1
1

𝑣4
1−→ 𝐻 0𝑀1

1 . This implies

𝐻 0𝐾4 (2)∗
−/𝑣4

1−−−→
∼

ker(𝑣4
1).

By Proposition 4,

𝐻 0𝐾4 (2)∗
−/𝑣4

1−−−→
∼

𝑘 (1)∗{1𝑡/min{4,𝑎0 (𝑡 ) }, 10/4 : 𝑡 ≠ 0},

and we see 𝐻 0𝐾4 (2)∗ in the statement.
Next turn to 𝐻 1𝐾4 (2)∗. We consider he long exact sequence

· · ·
𝑣4

1−→ 𝐻 0𝑀1
1

𝜕−→ 𝐻 1𝐾4 (2)∗
−/𝑣4

1−−−→ 𝐻 1𝑀1
1

𝑣4
1−→ · · · .

Put 𝑘ℓ (1)∗ = Z/2[𝑣1]/(𝑣 ℓ1) for ℓ ≥ 1. By Proposition 4, we have
(𝐻 0𝑀1

1 )/(𝑣4
1) = 𝑘min{4,𝑎0 (𝑡 ) } (1)∗{1𝑡/𝑎0 (𝑡 ) : 𝑡 ≠ 0}. By Lemma 8

and Lemma 9,

𝜕(1𝑡/𝑎0 (𝑡 ) ) =

(ℎ1)𝑡−1 𝑡 ≡ 1, 3 mod (4),
(ℎ0)𝑡−1 𝑡 ≡ 2 mod (4),
(𝜁1)𝑡−2𝜈 (𝑡 )−1 0 ≠ 𝑡 ≡ 0 mod (4).

Therefore, 𝜕
(
(𝐻 0𝑀1

1 )/(𝑣4
1)
)

is a direct sum of

𝑘1 (1)∗{(ℎ1)2𝑡 : 𝑡 ∈ Z},
𝑘2 (1)∗{(ℎ0)4𝑡+1 : 𝑡 ∈ Z},
𝑘4 (1)∗{(𝜁1)2𝑡 : 𝑡/2𝜈 (𝑡 ) ≡ 1 mod (4)}.

By Proposition 5, the kernel of 𝑣4
1 : 𝐻 1𝑀1

1 → 𝐻 1𝑀1
1 is a direct

sum of

𝑘 (1)∗{(ℎ0)𝑡/2 : 𝑡 ≡ 2, 3 mod (4)},
𝑘 (1)∗{(ℎ0)4𝑡/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(ℎ1)2𝑡+1/1 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁1)4𝑡+3/3 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁1)𝑡/4 : 1 ≠ 𝑡 ≡ 1 mod (4)},
𝑘 (1)∗{(𝜁1)2𝑡/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2)2𝑡+1/1 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2)4𝑡+2/2 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2)4𝑡/4 : 𝑡 ≠ 0}

and 𝑘 (1)∗{(ℎ0)0/4, (𝜁1)0/4, (𝜁1)1/4, (𝜌2)0/4}. From the short exact
sequence

0 → (𝐻 0𝑀1
1 )/(𝑣4

1)
𝜕−→ 𝐻 1𝐾4 (2)∗

−/𝑣4
1−−−→ ker(𝑣4

1) → 0,

we obtain 𝐻 1𝐾4 (2)∗.
For 𝐻 2𝐾4 (2)∗, we consider the short exact sequence

0 → (𝐻 1𝑀1
1 )/(𝑣4

1)
𝜕−→ 𝐻 2𝐾4 (2)∗

−/𝑣4
1−−−→ ker(𝑣4

1) → 0.

Lemma 8 and Lemma 9 imply that

𝜕((ℎ0)𝑡/𝑎1 (𝑡 ) ) =
{
(ℎ2

0)𝑡−1 𝑡 ≡ 2, 3 mod (4),
(𝜁2)𝑡−2𝜈 (𝑡 )−1 0 ≠ 𝑡 ≡ 0 mod (4),

𝜕((ℎ1)2𝑡+1/1) = (ℎ2
1)2𝑡 ,

𝜕((𝜁1)𝑡/𝑎′1 (𝑡 ) ) =
{
(𝜁 2

1 )𝑡−2𝜈 (𝑡−1)−1 1 ≠ 𝑡 ≡ 1 mod (4),
(𝜁 2

1 )𝑡−2𝜈 (𝑡 ) 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4),

𝜕((𝜌2)𝑡/𝑎0 (𝑡 ) ) =

(𝜌2ℎ1)𝑡−1 𝑡 ≡ 1, 3 mod (4),
(𝜌2ℎ0)𝑡−1 𝑡 ≡ 2 mod (4),
(𝜌2𝜁1)𝑡−2𝜈 (𝑡 )−1 0 ≠ 𝑡 ≡ 0 mod (4).

Then, 𝜕
(
(𝐻 1𝑀1

1 )/(𝑣4
1)
)

is a direct sum of

𝑘2 (1)∗{(ℎ2
0)𝑡 : 𝑡 ≡ 1, 2 mod (4)},

𝑘4 (1)∗{(𝜁2)2𝑡 , (𝜁 2
1 )2𝑡+1, (𝜌2𝜁1)2𝑡 : 𝑡/2𝜈 (𝑡 ) ≡ 1 mod (4)},

𝑘1 (1)∗{(ℎ2
1)2𝑡 , (𝜌2ℎ1)2𝑡 : 𝑡 ∈ Z},

𝑘3 (1)∗{(𝜁 2
1 )4𝑡+2 : 𝑡 ∈ Z},

𝑘4 (1)∗{(𝜁 2
1 )4𝑡 : 𝑡 ≠ 0}.

𝑘2 (1)∗{(𝜌2ℎ0)4𝑡+1 : 𝑡 ∈ Z}.

Proposition 6 implies that the kernel of 𝑣4
1 : 𝐻 2𝑀1

1 → 𝐻 2𝑀1
1 is a

direct sum of

𝑘 (1)∗{(ℎ2
0)4𝑡+3/2 : 𝑡 ∈ Z},

𝑘 (1)∗{(ℎ2
0)4𝑡/4 : 𝑡 ≠ 0},

𝑘 (1)∗{(ℎ2
1)2𝑡+1/1 : 𝑡 ∈ Z},

𝑘 (1)∗{(𝜁2)4𝑡+3/3 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁2)4𝑡+1/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(𝜁2)2𝑡/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜁 2

1 )2𝑡+1/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2ℎ0)𝑡/2 : 𝑡 ≡ 2, 3 mod (4)},
𝑘 (1)∗{(𝜌2ℎ0)4𝑡/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(𝜌2ℎ1)2𝑡+1/1 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2𝜁1)4𝑡+3/3 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2𝜁1)4𝑡+1/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(𝜌2𝜁1)2𝑡/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)} and
𝑘 (1)∗{(ℎ2

0)0/4, (𝜁2)0/4, (𝜁2)1/4, (𝜁 2
1 )0/4, (𝜁 2

1 )1/4,
(𝜌2ℎ0)0/4, (𝜌2𝜁1)0/4, (𝜌2𝜁1)1/4}.
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Then, we see the structure of 𝐻 2𝐾4 (2)∗.
Finally, we consider 𝐻 3𝐾4 (2)∗. We consider the short exact

sequence

0 → (𝐻 2𝑀1
1 )/(𝑣4

1)
𝜕−→ 𝐻 3𝐾4 (2)∗

−/𝑣4
1−−−→ ker(𝑣4

1) → 0.

By Lemma 8 and Lemma 9, we have

𝜕((ℎ2
0)𝑡/𝑎2 (𝑡 ) ) =

{
(ℎ3

0)𝑡−1 𝑡 ≡ 3 mod (4),
(𝜁3)𝑡−2𝜈 (𝑡 )−1 0 ≠ 𝑡 ≡ 0 mod (4),

𝜕((ℎ2
1)2𝑡+1/1) = (ℎ3

0)2𝑡+1,

𝜕((𝜁2)𝑡/𝑎′1 (𝑡 ) ) =
{
(𝜁1𝜁2)𝑡−2𝜈 (𝑡−1) 1 ≠ 𝑡 ≡ 1 mod (4),
(𝜁1𝜁2)𝑡−2𝜈 (𝑡 ) 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4),

𝜕((𝜁 2
1 )𝑡/𝑎′2 (𝑡 ) ) = (𝛽)𝑡−1−2𝜈 (𝑡−1) ,

𝜕((𝜌2ℎ0)𝑡/𝑎1 (𝑡 ) ) =
{
(𝜌2ℎ

2
0)𝑡−1 𝑡 ≡ 2, 3 mod (4),

(𝜌2𝜁2)𝑡−2𝜈 (𝑡 )−1 0 ≠ 𝑡 ≡ 0 mod (4),

𝜕((𝜌2ℎ1)2𝑡+1/1) = (𝜌2ℎ
2
1)2𝑡 ,

𝜕((𝜌2𝜁1)𝑡/𝑎′1 (𝑡 ) ) =
{
(𝜌2𝜁

2
1 )𝑡−2𝜈 (𝑡−1)−1 1 ≠ 𝑡 ≡ 1 mod (4),

(𝜌2𝜁
2
1 )𝑡−2𝜈 (𝑡 ) 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4).

Then, 𝜕((𝐻 2𝑀1
1 )/(𝑣4

1)) is a direct sum of

𝑘2 (1)∗{(ℎ3
0)4𝑡+2 : 𝑡 ∈ Z},

𝑘4 (1)∗{(𝜁3)2𝑡 : 𝑡/2𝜈 (𝑡 ) ≡ 1 mod (4)},
𝑘1 (1)∗{(ℎ3

0)2𝑡+1 : 𝑡 ∈ Z},
𝑘3 (1)∗{(𝜁1𝜁2)4𝑡+2 : 𝑡 ∈ Z},
𝑘4 (1)∗{(𝜁1𝜁2)8𝑡+1 : 𝑡 ≠ 0},
𝑘4 (1)∗{(𝜁1𝜁2)4𝑡 : 𝑡 ≠ 0},
𝑘4 (1)∗{(𝛽)4𝑡 : 𝑡 ≠ 0},
𝑘2 (1)∗{(𝜌2ℎ

2
0)𝑡 : 𝑡 ≡ 1, 2 mod (4)},

𝑘4 (1)∗{(𝜌2𝜁2)2𝑡 : 𝑡/2𝜈 (𝑡 ) ≡ 1 mod (4)},
𝑘1 (1)∗{(𝜌2ℎ

2
1)2𝑡 : 𝑡 ∈ Z},

𝑘3 (1)∗{(𝜌2𝜁
2
1 )4𝑡+2 : 𝑡 ∈ Z},

𝑘4 (1)∗{(𝜌2𝜁
2
1 )2𝑡+1 : 𝑡/2𝜈 (𝑡 ) ≡ 1 mod (4)} and

𝑘4 (1)∗{(𝜌2𝜁
2
1 )4𝑡 : 𝑡 ≠ 0}.

The kernel of 𝑣4
1 : 𝐻 3𝑀1

1 → 𝐻 3𝑀1
1 is a direct sum of

𝑘 (1)∗{(𝛽)2𝑡+1/1, (𝛽)4𝑡+2/2 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁3)4𝑡+3/3 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁3)4𝑡+1/4 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜁3)2𝑡/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3},
𝑘 (1)∗{(ℎ3

0)4𝑡/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(𝜁1𝜁2)2𝑡+1/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2ℎ

2
0)4𝑡+3/2 : 𝑡 ∈ Z},

𝑘 (1)∗{(𝜌2ℎ
2
0)4𝑡/4 : 𝑡 ≠ 0},

𝑘 (1)∗{(𝜌2ℎ
2
1)2𝑡+1/1 : 𝑡 ∈ Z},

𝑘 (1)∗{(𝜌2𝜁2)4𝑡+3/3 : 𝑡 ∈ Z},
𝑘 (1)∗{(𝜌2𝜁2)4𝑡+1/4 : 𝑡 ≠ 0},
𝑘 (1)∗{(𝜌2𝜁2)2𝑡/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)},
𝑘 (1)∗{(𝜌2𝜁

2
1 )2𝑡+1/4 : 𝑡/2𝜈 (𝑡 ) ≡ 3 mod (4)} and

𝑘 (1)∗{(ℎ3
0)0/4, (𝛽)0/4, (𝜁3)0/4, (𝜁1𝜁2)0/4, (𝜁1𝜁2)1/4,

(𝜌2ℎ
2
0)0/4, (𝜌2𝜁2)0/4, (𝜌2𝜁2)1/4, (𝜌2𝜁

2
1 )0/4, (𝜌2𝜁

2
1 )1/4}.

Therefore, we obtain the structure of 𝐻 3𝐾4 (2)∗. □
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