Toward the p-local homotopy of eo,,_;

Ryo KATO*

In [2], M. Hill calculated the homotopy groups of the connected higher real K-theory eo4 at the prime 5. In this note,

we consider the spectral sequence converging to the p-local homotopy groups of the spectrum eo,_1 at p > 5.

1. Introduction

Let p be a prime number and K (n) the n-th Morava K-theory
at p. Hopkins and Miller showed that any closed subgroup of the
n-th Morava stabilizer group G,, acts on the n-th Morava E-theory
spectrum E,. They also showed that the homotopy fixed point
spectrum EZG" is isomorphic to the K (n)-localized sphere spec-
trum SIO( (n)°
subgroup G,. Gourvanov and Hopkins defined the higher real
K-theory

For any p and n, the group G, has a finite maximal

EO, = Eh®n,
The inclusion i: G, — G, induces

0 0 WG U, phG, _
$* = Spw = En-" = E;°" = EO,.

(H
Under the composite, we expect that . (EO,) has much infor-
mation of 7, (S°).

For example, at (p,n) = (2, 1), the algebra G, is Z%, the units
of 2-adic integers, and G; = {x1} = C,, the cyclic group of
order 2. In this case, the spectrum EO; is E?Cz = KO, the 2-
completed real K-theory. Therefore, the map (1) at (p, n) = (2, 1)
is S — KO,.

Hereafter, we consider the case that p — 1 divides n. At
(p,n) = (2,1), the higher real K-theory EO; is KO,. When
(p,n) = (3,2), the spectrum EO; is isomorphic to the K(2)-
localization of TMF. These two higher real K-theories have
connective models ko and tmf, that is, the K(1)-localization of
ko is KO, and the K(2)-localization of tmf is TMFk ). The
homotopy groups 7. (ko) are well known, and 7. (tmf) was de-
termined by Bauer [1]. In [2], Hill calculated the homotopy
groups of the connective model eos at p = 5 (see Theorem 8).
Our hope is to generalize this result for the homotopy groups of
eo,_patp > 5.

2. Spectral sequence converging to

ﬂ*(eop—l)

For the fixed prime number p, we denote g = 2(p — 1). We
consider the curve of the form
Yyl =xP rai ot apx +ap.
After the coordinate transformation x — x + r, we obtain
)y =xP +nra)x ! 4 r(ap-1)x +nr(ap).
This gives rise to the following Hopf algebroid:
3) (AT) = (Z(p) [al,...,ap],A[r])

with |a;| = iqg and |r| = q. The left unit 5y : A — T and the
coproduct A: T' — T ®4 I are given by

n(a;)=a; and A(r)=r@l+1®r,

and the right unit ng: A — T is defined by (2). This Hopf

algebroid is called a generalized Weierstrass Hopf algebroid.
Example 4 At p =3, we have

y2 = x3 + a1x2 +axx +asz
XX+ 5
E—

Yy

(x+rY¥+ai(x+r)+ay(x+7)+a3
3+ (ay +3r)x% + (ar + 2a7 + 3r%)x
+(az + arr + a1r? +13),

which implies that

nr(a1) = ai +3r,
nr(a) = az +2a;r + 32,

nr(az) = az + apr + ar?+r.

Theorem 5 (Gorvanov-Hopkins-Mahowald)  For the spectrum
eop-ratp € {2, 3}, the Adams-Novikov spectral sequence con-

verging to 7.(eop_1) is of the form

E* (eop-y) = Extz’[i’r)(l", ) = m—5(e0p-1).
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Remark 6 In [2], Hill assumed that the connected model eoy
has the Adams-Novikov spectral sequence as above. Hereafter,
we assume that the spectrum eo,_| at arbitrary p satisfies the

condition.

Remark 7 Even if the spectrum eo,,—; does not satisfy the con-

dition, there exists an isomorphism
Ey*(EOp-1) = Ext{; 1 (T,T) (A~}

for some element A and ideal I.

3. Main result
First, we recall the following:

Theorem 8 (Hill [2]) At p =5, we have an isomorphism

EY*(e0s) = Zs)[ca, 3, Ay A, Al 4 < i < 22]/(rels)

where the degree of c;, A; and A is 8i. Furthermore,

Ey*(eos) = Ej3(eos)[a, b]/(rels)

where |a| = (1,8) and |b| = (2,40). The non-zero differentials

are generated by
dg(Az()) = cab4 and d33(aA30) = C'b”,

where ¢ and ¢’ are in Zé).

Hill’s idea is the following: From (3), we obtain the Hopf
algebroid

(AT) = (Z(p)[al, o ap LA/ (rf + arP~l + ~~+ap_|r))

satisfying that

Ext™ -

Vi (A A) = X (A, A).

The ideals Iy = (p,ai, ..., ak) of A are invariant and fit into

Ihcl C -CIP_|=A.

Put

H

= = Ext™:

et (AT AT,

and we have the (ax-)Bockstein spectral sequence

H ®Z(I’)[ak] 2H(k I

Therefore, the structure of E;* (eoy) is calculated as follow:

= H

= H: = H 0)

& = E)"(eoy).

Hi) = H) (1

Theorem 9 (Hill [2])

nomial algebras, respectively. For p > 5,

Let E(—) and P(—) be exterior and poly-

1. H(p n

{r} and b is the p-fold Massay product {a, ..., a),

= E(a) ® P(b), where a is the cohomology class
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= E(a) ® P(ay-1,b), and

2. H(p )
3. H(p 3) = E(a)®P(ap-1, A, b){x1,...,xp-2}/(rels), where
A= an and x; = (i!2%a ;_2, a,...,a.

i+1
Theorem 10 (Hill [2])

the a>-Bockstein spectral sequence

At p =5, the non-zero differentials of

H:;) ®Z5)[az] = E(a)®P(ay, a3, A, b){x1, x2, x3}/ (rels) = H(l)

are generated by
di(a3) =3aza, di(x3) = 2a2a§b,
dz(ag) = —a%xl and dy(xp) = —a%b,
Furthermore,
H(l) =E(a) ® P(ay, a3,a3, A, b){x}/(rels).

Theorem 11 Assume that p > 5. For the non-zero differentials

of the a,_3-Bockstein spectral sequence

HZZ_3) ® Z(5) [ap_3]

= E(a) ® P(ap-3, ap—, A, b){x1,...,xp2}/(rels) = H "

(p—4)

we have
di (ap—2) = ;b,

- _ _ 19p—2 P
3ap3a,  di(xp-2) (p-2)12 ap-3a,_

27,
and dz(ap ,) = > 5 @, _3%1

4. Conjectures
In this section, we use the notation
a=b

if a = ¢b for some ¢ € Z*¢

) By Theorem 10, we have

d(x2) = a3b

(12)

at p = 5. We remark that Theorem 11 doesn’t contain a general-

ization of this differential.

Conjecture 13 For the Bockstein spectral sequence in Theorem
11, the differential (12) is generalized to

Furthermore,

H(p -4)

We notice that the first Smith-Toda spectrum V(1) exists at

Ab){x1, ..., xp

—E(a)®P(ap 3,4 P 2, p 25 T

s Xptl, e
z

p = 5. Therefore, by Theorem 10, we have the Adams-Novikov

spectral sequence
Ey* = E(a) ® P(ay, a3, a3, A, b){x1}/(rels) = m.(eos AV (1)).

Theorem 14 (Hill [2])

differentials are generated by

In the spectral sequence, the non-zero

do(A) = ab?,
dos(ar ) = xb12

di7(x1A%) = apb°,
and d33(aA4) = pl7,

xp-3}/(rels).



At p = 7, the second Smith-Toda spectrum V(3) exists. If We notice that (p —3)g+1 < 3qg+ 1 if p = 5, and

Conjecture 13 is true, then we have (p—3)g+1>3qg+1if p=7. Therefore, even if the conjecture
E;’* - F(a)®P(as, ag, ag, A, b) {1, x2, x4}/ (rels) = 7. (e0g AV (3)). ho]dz, E(p-3)q+2-term and E3gi2-term have no general form for
p>5.

Conjecture 15 At p € {5,7},

_ —7)2 _
dip-3)gr1 (1 AP ) = ap 3bP7D° and  diger(ap-3A?) = x b7V,
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