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Let p be a prime number and n an integer ≥ 0. In [1], Ravenel introduced Lie algebras L(n, k) in order to calculate

the cohomology of the n-th Morava stabilizer algebra S(n) at p. He determined the Z/p-vector space structure of the

cohomology of S(3) at p ≥ 3 by calculating the cohomology group of Lie algebras L(3, 1), L(3, 2) and L(3, 3). In this

note, we determine the Z/p-algebra structure of the cohomology of L(3, 2) for p ≥ 3.

1 Introduction

Let p be a prime number and BP the Brown-Peterson spectrum at p. From the homology theory BP∗(−) represented

by BP , we obtain the Hopf algebroid

(BP∗, BP∗(BP )) =
(
Z(p)[v1, v2, . . . ], BP∗[t1, t2, . . . ]

)
.

We also consider the algebra K(n)∗ = Z/p[v±1
n ]. This is a BP∗-module, whose structure is given by viv

s
n = vs+1

n if i = n,

and = 0 otherwise. Therefore, we obtain the Hopf algebra

(K(n)∗,Σ(n)) = (K(n)∗ ⊗BP∗ BP∗ ⊗BP∗ K(n)∗,K(n)∗ ⊗BP∗ BP∗(BP )⊗BP∗ K(n)∗) .

The n-th Morava stabilizer algebra is defined by

S(n) = Σ(n)⊗K(n)∗ Z/p,

where the K(n)∗-action on Z/p is given by vn · 1 = 1. In the following, we denote

H∗(A) = Ext∗A(Z/p,Z/p)

for a Hopf algebra (Z/p,A). The cohomology H∗(S(n)) is called the cohomology of the n-th Morava stabilzer algebra.

Consider the differential graded algebra

Ω(n) = E(hi,j : 1 ≤ i ≤ n, j ∈ Z/n) with |hi,j | = 1,

where E(−) denotes an exterior algebra. The differential structure of Ω(n) is given by

d(hi,j) =
∑

1≤k<i

hk,jhi−k,k+j .

For the case n < p− 1, there are two spectral sequences

E2 = H∗Ω(n) ⇒ H∗(E0S(n)) and E2 = H∗(E0S(n)) ⇒ H∗(S(n))

by [1, Theorems 6.3.4, 6.3.5, and 6.3.8]. For the differential graded algebra Ω(n), we consider an increasing filtration

L(n, 1) ⊂ L(n, 2) ⊂ · · · ⊂ L(n, n) = Ω(n),

where
L(n, k) = E(hi,j : 1 ≤ i ≤ k, j ∈ Z/n).

Since L(n, k)/L(n, k − 1) = E(hk,j : j ∈ Z/n), we obtain the following spectral sequence:

H∗L(n, k − 1)⊗ E(hk,j : j ∈ Z/n) ⇒ H∗L(n, k).

It is clear that H∗L(n, 1) = L(n, 1) = E(h1,j : j ∈ Z/n), and we next turn to the cohomology of L(n, 2) =

E (h1,j , h2,j : j ∈ Z/n) . The main theorem in this note is the following:
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Theorem 1.1. As a Z/p-algebra,

H∗L(3, 2) = Z/p [hj , gj , kj , ej ,Kj , lj : j ∈ Z/3] /R

with |hj | = 1, |gj | = |kj | = |ej | = 2 and |Kj | = |lj | = 3. Here R is the ideal of the following relations: for j, k ∈ Z/3,

hjhk = 0, e0 + e1 + e2 = 0,
hjgj = hjkj+2 = hjej+2 = 0, hjgj+1 = hj+2kj = hj+1ej+1 = hj+1ej+1, hjgj+2 = hj+2kj+2,

g2j = gjkj = gj+1kj = k2j = 0, hjKk =


gjgj+1 k = j

−kjkj+1 k = j + 1

0 k = j + 2

, hj lk =


−kj+2kj k = j

gj+1kj+2 − gjkj+1 k = j + 1

gj+2gj k = j + 2

,

gjek =


0 k = j

−kj+2kj k = j + 1

kj+2kj k = j + 2

, kjek =


gjgj+1 k = j

−gjgj+1 k = j + 1

0 k = j + 2

, ejek =


−2gjkj+1 k = j

gj+1kj+2 − gj+2kj + gjkj+1 k = j + 1

kj+2gj − kjkj+1 k = j + 2

,

gjKj = gjKj+2 = ejKk = 0,

kjKk =

{
gj+2Kj k = j + 1

0 k ̸= j + 1
, gj lk =

{
gj+1Kj+2 k = j + 1

0 k ̸= j + 1
,

kj lk =

{
gj+1Kj+2 k = j + 2

0 k ̸= j + 2
, ej lk =

{
−2gk+1Kk+2 k = j + 2

gk+1Kk+2 k ̸= j + 2
,

KjKk = Kj lk = lj lk = 0 and g0g1g2 = hjgj+2Kj = −k0k1k2.

2 Proof of Theorem 1.1

It is clear that H0L(3, 2) = Z/p. For H1L(3, 2), we have the differentials

(2.1) d(h1,j) = 0 and d(h2,j) = h1,jh1,j+1

for j ∈ Z/3. Therefore, we obtain the following:

Lemma 2.2. The first cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by

h1,j for j ∈ Z/3.

Next turn to H2L(3, 2). For j, k ∈ Z/3,

(2.3)

d(h1,jh1,k) = 0,

d(h1,jh2,k) = h1,jh1,kh1,k+1 =

{
±h1,0h1,1h1,2 k = j + 1

0 otherwise
and

d(h2,jh2,j+1) = h1,jh1,j+1h2,j+1 − h1,j+1h1,j+2h2,j .

They give rise to the Massey products

gj = ⟨h1,j , h1,j , h1,j+1⟩ = h1,jh2,j ,

kj = ⟨h1,j , h1,j+1, h1,j+1⟩ = h2,jh1,j+1 and

ej = ⟨h1,j , h1,j+1, h1,j+2⟩ = h1,jh2,j+1 − h1,j+2h2,j .

From (2.1) and (2.3), we obtain the following lemma:

Lemma 2.4. The second cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by

gj , kj , ej for j ∈ Z/3.

Furthermore, for j, k ∈ Z/3, the following relations hold:

h1,jh1,k = 0 and e0 + e1 + e2 = 0.

Next we notice the following differentials: for j, k ∈ Z/3,

(2.5)

d(h1,0h1,1h1,2) = 0,
d(h1,jh1,j+1h2,k) = 0,

d(h1,jh2,kh2,k+1) =


±h1,0h1,1h1,2h2,j k = j

±h1,0h1,1h1,2h2,j+2 k = j + 1

0 k = j + 2

and

d(h2,0h2,1h2,2) = h1,0h1,1h2,1h2,2 + h1,1h1,2h2,2h2,0 + h1,2h1,0h2,0h2,1.
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By these differentials, the cohomology elements

Kj = ⟨kj , h1,j+1, h1,j+2⟩ = h2,jh1,j+1h2,j+1 and lj = h1,jh2,jh2,j+1 + h1,j+1h2,j+2h2,j

are defined.

Lemma 2.6. The third cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by

h1,jgj+1, h1,jgj+2, Kj , lj for j ∈ Z/3.

Furthermore, for j ∈ Z/3, the following relations hold:

(2.7)
h1,jgj = h1,jkj+2 = h1,jej+2 = 0,
h1,jgj+1 = h1,j+2kj = h1,j+1ej+1 = h1,j+1ej+2 and
h1,jgj+2 = h1,j+2kj+2.

Proof. For j, k ∈ Z/3,

h1,jgj = h1,j⟨h1,j , h1,j , h1,j+1⟩ = ⟨h1,j , h1,j , h1,j⟩h1,j+1 = 0,

h1,jkj+2 = h1,j⟨h1,j+2, h1,j , h1,j⟩ = h1,j+2⟨h1,j , h1,j , h1,j⟩ = 0,

h1,jgj+1 = h1,j(h1,j+1h2,j+1) ∼ h1,j+1h1,j+2h2,j = h1,j+2kj+1,

h1,jek = h1,j⟨h1,k, h1,k+1, h1,k+2⟩ =


⟨h1,j , h1,j , h1,j+1⟩h1,j+2 k = j

h1,j+1⟨h1,j+2, h1,j , h1,j⟩ k = j + 1

h1,j+2⟨h1,j , h1,j+1, h1,j⟩ k = j + 2

=


h1,j+2gj k = j

h1,j+1kj+2 k = j + 1

0 k = j + 2

,

h1,jgj+2 = h1,j⟨h1,j+2, h1,j+2, h1,j⟩ = h1,j+2⟨h1,j+2, h1,j , h1,j⟩ = h1,j+2kj+2.

Next turn to H4L(3, 2). We notice the following differentials: for j ∈ Z/3,

(2.8)
d(h1,0h1,1h1,2h2,j) = 0,
d(h1,jh1,j+1h2,kh2,k+1) = 0 and
d(h1,jh2,0h2,1h2,2) = ±h1,0h1,1h1,2h2,jh2,j+2.

Lemma 2.9. The fourth cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by

gjgj+1, gjkj+1, kjkj+1 for j ∈ Z/3.

Furthermore, for j, k ∈ Z/3, the following relations hold:

(2.10)

g2j = 0, gjkj = 0, gj+1kj = 0, k2j = 0,

h1,jKk =


gjgj+1 k = j

−kj+1kj+2 k = j + 1

0 k = j + 2

, h1,j lk =


−kj+2kj k = j

gj+1kj+2 − gjkj+1 k = j + 1

gj+2gj k = j + 2

,

gjek =


0 k = j

−kj+2kj k = j + 1

kj+2kj k = j + 2

, kjek =


gjgj+1 k = j

−gjgj+1 k = j + 1

0 k = j + 2

and

ejek =


−2gjkj+1 k = j

gj+1kj+2 − gj+2kj + gjkj+1 k = j + 1

kj+2gj − kjkj+1 k = j + 2

.

Proof. Immediately, we see that g2j = 0, gjkj = 0, gj+1kj = 0 and k2j = 0 for j ∈ Z/3. The other relations are given as
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follows: for j, k ∈ Z/3,

h1,jKk = h1,j⟨kk, h1,k+1, h1,k+2⟩ = −kk⟨h1,k+1, h1,k+2, h1,j⟩ =


−kjej+1 k = j

−kj+1kj+2 k = j + 1

0 k = j + 2

,

h1,j lk = h1,j (h1,kh2,kh2,k+1 + h1,k+1h2,k+2h2,k)

= h1,jh1,kh2,kh2,k+1 + h1,jh1,k+1h2,k+2h2,k =


−kj+2kj k = j

−gj+1kj+2 + gjkj+1 k = j + 1

gj+2gj k = j + 2

,

gjek = (h1,jh2,j)(h1,kh2,k+1 − h1,k+2h2,k) =


0 k = j

−kj+2kj k = j + 1

kj+2kj k = j + 2

,

kjek = (h2,jh1,j+1)(h1,kh2,k+1 − h1,k+2h2,k) =


gjgj+1 k = j

−gjgj+1 k = j + 1

0 k = j + 2

,

ejek = (h1,jh2,j+1 − h1,j+2h2,j)(h1,kh2,k+1 − h1,k+2h2,k) =


−2gjkj+1 k = j

gj+1kj+2 − gj+2kj + gjkj+1 k = j + 1

kj+2gj − kjkj+1 k = j + 2

.

For H5L(3, 2), we have the following differentials: for j ∈ Z/3,

(2.11) d(h1,0h1,1h1,2h2,jh2,j+1) = 0 and d(h1,jh1,j+11h2,0h2,1h2,2) = 0.

Lemma 2.12. The fifth cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by

gjKj+1 for j ∈ Z/3.

Furthermore, for j, k ∈ Z/3, the following relations hold:

h1,jgjgj+1 = h1,jgj+2kj = h1,jkjkj+1 = gjKj = gjKj+2 = ejKj = 0,

kjKk =

{
gj+2Kj k = j + 1

0 k ̸= j + 1
, gj lk =

{
gj+1Kj+2 k = j + 1

0 k ̸= j + 1
,

kj lk =

{
gj+1Kj+2 k = j + 2

0 k ̸= j + 2
and ej lk =

{
gk+1Kk+2 k = j, j + 1

−2gk+1Kk+2 k = j + 2
.

Proof. The relations (2.7) imply the following: for j, k ∈ Z/3,

h1,jgjgj+1 = h1,j+1ej+1gj+1 = 0,

h1,jgj+2kj = h1,j+2kj+2kj = h1,jgj+1kj+2 = 0,

h1,jkjkj+1 = h1,j+1kjgj+2 = 0,

gjKj = (h1,jh2,j)(h2,jh1,j+1h2,j+1) = 0,

gjKj+2 = (h1,jh2,j)(h2,j+2h1,jh2,j) = 0,

kjKk = (h2,jh1,j+1)(h2,kh1,k+1h2,k+1) =

{
gj+2Kj k = j + 1

0 k = j, j + 2
,

ejKk = (h1,jh2,j+1 − h1,j+2h2,j)(h2,kh1,k+1h2,k+1) = 0,

gj lk = (h1,jh2,j)(h1,kh2,kh2,k+1 + h1,k+1h2,k+2h2,k) =

{
gj+1Kj+2 k = j + 1

0 k = j, j + 2
,

kj lk = (h2,jh1,j+1)(h1,kh2,kh2,k+1 + h1,k+1h2,k+2h2,k) =

{
gj+1Kj+2 k = j + 2

0 k = j, j + 1
,

ej lk = (h1,jh2,j+1 − h1,j+2h2,j)(h1,kh2,kh2,k+1 + h1,k+1h2,k+2h2,k) =


gj+1Kj+2 k = j

gj+2Kj k = j + 1

−2gjKj+1 k = j + 2

.
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For the sixth cohomology, the differential

(2.13) d(h1,0h1,1h1,2h2,0h2,1h2,2) = 0

implies the following lemma:

Lemma 2.14. The sixth cohomology of L(3, 2) is isomorphic to the Z/p-vector space generated by the element

g0g1g2.

Furthermore, for j, k ∈ Z/3 the following relations hold:

(2.15) KjKk = Kj lk = lj lk = 0 and g0g1g2 = h1,jgj+2Kj = −k0k1k2.

Proof. Immediately, we see that KjKk = 0, Kj lk = 0 and lj lk = 0 for j, k ∈ Z/3. The relations (2.10) imply that

h1,jgj+2Kj = g0g1g2 and k0k1k2 = g1e0k2 = −g0g1g2

for j ∈ Z/3.

Proof of Theorem 1.1. The theorem follows from Lemmas 2.2, 2.4, 2.6, 2.9, 2.12 and 2.14. Here we replace h1,j with

hj .
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