The Algebra Structure of the Cohomology of L(3,2)

Ryo KATO*

Let p be a prime number and n an integer > 0. In [1], Ravenel introduced Lie algebras L(n, k) in order to calculate
the cohomology of the n-th Morava stabilizer algebra S(n) at p. He determined the Z/p-vector space structure of the
cohomology of S(3) at p > 3 by calculating the cohomology group of Lie algebras L(3,1), L(3,2) and L(3,3). In this
note, we determine the Z/p-algebra structure of the cohomology of L(3,2) for p > 3.

1 Introduction
Let p be a prime number and BP the Brown-Peterson spectrum at p. From the homology theory BP,(—) represented
by BP, we obtain the Hopf algebroid
(BP,, BP.(BP)) = (Zg)[v1,v2,...], BP[t1,t2,...]).
We also consider the algebra K(n), = Z/p[vi!]. This is a BP.-module, whose structure is given by v;v5 = v3t! if i = n,
and = 0 otherwise. Therefore, we obtain the Hopf algebra
(K(n)«,X(n)) = (K(n). @pp, BP. @pp, K(n)., K(n). @pp, BP.(BP) @pp. K(n).).
The n-th Morava stabilizer algebra is defined by
5(n) = %(n) @k (n). Z/p;
where the K (n).-action on Z/p is given by v, - 1 = 1. In the following, we denote
H*(A) = Exty(2Z/p, Z/p)
for a Hopf algebra (Z/p, A). The cohomology H*(S(n)) is called the cohomology of the n-th Morava stabilzer algebra.
Consider the differential graded algebra
Qn)=Eh;;:1<i<n, j€Z/n) with |h;;| =1,
where F(—) denotes an exterior algebra. The differential structure of Q(n) is given by

d(hij) = Y hejhickps;-

1<k<i

For the case n < p — 1, there are two spectral sequences
Ey, = H*Q(n) = H*(EpS(n)) and E; = H*(EoS(n)) = H*(S(n))
by [1, Theorems 6.3.4, 6.3.5, and 6.3.8]. For the differential graded algebra §2(n), we consider an increasing filtration
L(n,1) C L(n,2) C --- C L(n,n) = Q(n),

where
L(n,k)=FE(h;;: 1<i<k, j€Z/n).

Since L(n,k)/L(n,k —1) = E(hy;: j € Z/n), we obtain the following spectral sequence:
H*L(n,k —1)® E(hy;: j € Z/n) = H*L(n, k).

It is clear that H*L(n,1) = L(n,1) = E(hi;: j € Z/n), and we next turn to the cohomology of L(n,2) =
E(h1,he;: j € Z/n). The main theorem in this note is the following:
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Theorem 1.1. As a Z/p-algebra,
H*L(372) = Z/p [h’j7gj7kjaej7Kjalj: ] € Z/?’} /R
with |hj| =1, |gj| = |k;| = |ej| = 2 and | K| = |l;| = 3. Here R is the ideal of the following relations: for j, k € Z/3,

h]-hk:(), 60+61+62:O,
hjgi = hikjr2 = hjejro =0, hjgjtr = hjpoks = hjrrejrn = hjpiejrr,  higjee = hjrokjto,

9i9i+1 k=7 —kj2k; k=j
gjz- = gjk; = gj+1k; = kJZ =0, hjKy= _kjkj+l k=j+1, hilx= gj+1kj+2 - gjkj+1 k=j+1,

0 k=7+2 9j+295 k=742

0 k=3 9ig9i+1 k=] =29k k=j

giek = —kjr2k; k=j+1, kjer=19-gigj41 k=j+1, ejer=1qgjn1kjr2—gjpok;+gikjn k=j+1,
Kjrokj  k=j+2 0 k=j+2 kjt2g; — kjkjta k=j+2
9ilj = gjKjr2 = €Ky =0,
by K = {9.7‘+2Kj k= i+ ol = {9j+1K.7‘+2 k= i+l
0 k#j+1 0 k#j+1

bl — 9j+1Kjr2 k=j+2 I _{29k+1Kk+2 k=j+2
jk = AL

0 k#j+2’ Ir+1 K12 k#j+2’
Kij = Kjlk = l]lk =0 and 909192 = hjgj+2K'j = *k’oklk‘g.

2 Proof of Theorem 1.1

It is clear that HL(3,2) = Z/p. For H'L(3,2), we have the differentials

(2.1) d(h1;) =0 and d(he;)=hihi
for j € Z/3. Therefore, we obtain the following:
Lemma 2.2. The first cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by
hij for jeZ/3.
Next turn to H2L(3,2). For j,k € Z/3,

d(hy jhiy) =0,
ihl,Ohl,lhl,Q k= ] +1

9.3 d(hy iho i) = hy ihy 1h =
(2.3) (h1,jhok) 1,501,k k+1 0 otherwise

and

d(ha,;h2,j+1) = hijhijy1he i1 — hijiiha jioh ;.

They give rise to the Massey products

g; = (h1j,haj, hajv1) = hajho g,
kj = (hij,hij1,hajra) = hojhijp and

ej = (hijy hjns hajio) = hajhajen = hajizha ;.
From (2.1) and (2.3), we obtain the following lemma:

Lemma 2.4. The second cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by
gj, kj, e; for jeZ/3.
Furthermore, for j,k € Z/3, the following relations hold:
hijhix =0 and ey+e +ex=0.

Next we notice the following differentials: for j, k € Z/3,

d(hyphi,1h12) =0,
thyohi,1hi2hs; k=j
d(hl,th,khZ,k:Jrl) = ihlﬁohlﬁlhlyzhgyj_;,_g k= j +1 and
0 k=42
d(hg,0h2,1h22) = hiohi1ho1ho2 4+ hi1hi2ho 2ho o + hi2hi ohooho.
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By these differentials, the cohomology elements
Kj = (kjyhajra hijye) = hajhijirhe i and 1 = hajho jhojia + hajrahe jroha
are defined.
Lemma 2.6. The third cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by
hi;gi+1, hi,j9j42, K5, lj  for j€Z/3.
Furthermore, for j € Z/3, the following relations hold:

h1,59; = h1;kj42 = hijej12 =0,
(2.7) hijgj+1 = hijoky = hajraejin = hijriejre and
h1,jgj+2 = haj2kivo.

Proof. Yor j,k € Z/3,
h1jg; = ha(ha g, ha g, ha i) = (b, hag, hag)ha jo1 =0,
hujkjre = hij(ha i, haj, hag) = hajia(ha g, hag ha ) =0,
h1jgje1 = haj(h1jyihe 1) ~ hijyihy jrohej = b1 jrokip,

(hijshajohaje)ha e k=
hyjer = hyj(hi g, higy1, hiere) = S Raji (b o by hay) k=j+1
hijy2(hig, hij+1,hy) k=742

h1,j+29; k=j
= hijrikjp2 k=7+1,
0 k=j+2

hagj+2 = haj(ha o, haje2, b g) = hagra(ha o, ha g, ha ) = ha okt

Next turn to H*L(3,2). We notice the following differentials: for j € Z/3,
d(h1,0h1,1h1,2h2,5) = 0,
(28) d(hlﬁjh1‘j+1h27kh2,k+1) =0 and
d(h1,jho,0ha1he2) = £hyoh1h2hs jho o
Lemma 2.9. The fourth cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by
9i9i+1s 9ikjr1, kjkj for jEZ/3.
Furthermore, for j,k € Z/3, the following relations hold:

97 =0, gjkj =0, gj1k; =0, ki=0,

9595+1 e —kjy2k; k=j
hi Ky =< —kjsikjye k=j+1, hijle =< gjt1kjie —gjkjp1 k=j+1,
0 k=j+2 9j+295 k=j+2
(2.10) 0 = 9i951  F=
giek = § —kjpok; k=j+1, kjex=<—gjgj-1 k=j+1 and
kjjok; k=j+2 0 k=j+2
—2g;kj1 k=j
€jek = 4 9j+1kjre — Gj2k; + gikjon k=j+1.
ki 20 — kikjin k=j+2

Proof. Immediately, we see that g]2 =0, gjk; =0, gj41k; = 0 and k]2 =0 for j € Z/3. The other relations are given as
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follows: for j, k € Z/3,

—kjejr1 k=3

h1 ;K = hy j(ki, ha kg1, hoggo) = —ki(haps1, hagso, b)) = S —kjpikjpe k=741,

0 k=42

hi il = haj (hikhe kho k1 + P g1 ho wr2ho k)
—kjtok; k=3j

= h1jhirhokhogr1 + hijhy prihe gi2hok = § —gj+1kj12 + gjkjr1 k=j+1,

9j+29; k=j+2

0 k=
gier = (ha jha j)(h1kho k1 — by gaohor) = ¢ —kjok; k=j+1,

ijrgkj k= ] + 2

9igji+1 k=13

kjer = (hajh1 jo1) (b khogsr — hips2hor) =S —gjg541 k=7+1,
0 k=j+2
—29ikj+1 k=j
ejer = (h1,jh2j+1 — h1j2h23)(hkho k1 — Piktohok) = Q gj41kjra — gjroks +gjkjn k=j+1.
kjvagj — kjkj k=j+2

For H5L(3,2), we have the following differentials: for j € Z/3,
(2.11) d(h1ohi,1h12ho jho j+1) =0 and  d(hijhi j411h2,0h2,1h22) = 0.
Lemma 2.12. The fifth cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by
9; K41 for jE€Z/3.
Furthermore, for j, k € Z/3, the following relations hold:

h19595+1 = b1 jgj+2k; = ha jkikjp = g;K; = g; K10 = ¢;K; =0,
oK, k=41 1 Kjyn k=j+1
k']Kk - 952 j+ ) g] k= Ji18+2 ] ;
0 k#j+1 0 k#j+1
Ko k=42 K k=7jj+1
hyly, = 4 91 IT2 nd A B+
0 k#j+2 —2g5+1Kpy2 k=37+2

Proof. The relations (2.7) imply the following: for j,k € Z/3,

h1,39i9j+1 = h1j+1€j+19541 = 0,
h1j9542k; = M jrakjrok; = b jgj 1kt =0,
hi,jk;kjsr = hajpak;gjee =0,
9;Kj = (hy,jh2,j)(h2,;h1 j41h2,j41) =0,
9iKjro = (h1,jhaj)(ha,ji2h1 jho;) =0,
ki Ky = (hajh j+1)(hokht k1ho k1) = {gHsz Z ;j;i o
€Ki = (h1,jh2 j41 — b1 jioho ;) (hekhy ky1ho psr) =0,

gi+1Kjp0 k=j7+1
A = (h1.:he i) (h1 ho h + h h h = ,
9ilk = (h1,jh2j)(h1 khokho k1 + b gr1ho g2ho k) {0 k=2

gi+1 K0 k=j5+2
kil = (ho ihy ; hi pho h +h h h = ,
il = (ha jh1 j+1)(ha kho kho k1 + b pr1ho kr2ho k) {0 k=it
gi+1Kj12 k=]
el = (h1,jh2j+1 — h1jr2hoj) (P khe khe kst + P pr1hokr2hor) = § gj+2K; k=j+1.
—29iKj1 k=j+2
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For the sixth cohomology, the differential
(2.13) d(h1ohi,1h12h2pho1he2) =0
implies the following lemma:
Lemma 2.14. The sizth cohomology of L(3,2) is isomorphic to the Z/p-vector space generated by the element
909192
Furthermore, for j,k € Z/3 the following relations hold:
(2.15) KKy =Kl =il =0 and gog192 = h1,;9j42K; = —kokika.
Proof. Immediately, we see that K;Kj, =0, K;l;, =0 and ;1 = 0 for j, k € Z/3. The relations (2.10) imply that
h1,jgj12K; = gogig2 and  kokiks = gieok2 = —gog192

for j € Z/3.

O

Proof of Theorem 1.1. The theorem follows from Lemmas 2.2, 2.4, 2.6, 2.9, 2.12 and 2.14. Here we replace hy ; with

hy.
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